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We determine the exact order of best approximation by polynomials and
entire functions of exponential type of functions like ¢, ,(x)= |x|*exp(—4 |x] ~*).
In particular, it is shown that E(, ,, %, L,(—1,1))~n= P +erT22r+a
exp(— (1 + a7 ) (Ao) "+ cos om/2(1 + o) n¥ '+, where E(¢; o, %, L,(—1,1))
denotes best polynomial approximation of ¢, , in L,(—1,1), 1eR, ae(0,2],
A>0, 1 <p<oo. The problem, concerning the exact order of decrease of E(¢ »,
2,, L, (—1,1)), has been posed by S. N. Bernstein.  © 1998 Academic Press

1. INTRODUCTION

Let E(f, B, F) denote best approximation of an element f from a normed
space F by elements from a subspace B< F. Let &, be the set of all
algebraic polynomials of degree n or less and let B, be the set of all entire
functions of exponential type o.

This paper is devoted to a study of orders of best approximation of some
individual infinitely differentiable functions by polynomials and entire
functions of exponential type.

Similar problems, concerning polynomial, spline, rational, and harmonic
approximation of individual functions of finite smoothness and analytic
functions, have played an important role in Approximation Theory. For
example, the well-known estimates of best polynomial approximation of |x|
given by Vallée-Poussin [20] and Bernstein [ 3] have initiated contemporary
Approximation Theory.

Much attention has been attracted to the estimation of the degree of
approximation of |x|%, by polynomials and entire functions of exponential
type (Bernstein [4], Varga and Carpenter [21]), by rational functions
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(Newman [13], Vjacheslavov [22], Stahl [17]), and by splines with
variable knots (DeVore and Scherer [6]).

There has been extensive research on approximation of other individual
functions (see [ 1, Appendices 44-46, 70, 86; 19, Chaps. 2, 7; 15, Chap. 4]).
At the same time, no studies have been made of best approximation of
individual infinitely differentiable functions.

In the late forties S. N. Bernstein posed a problem, concerning the
exact order of decrease of E(¢g,, %, L. (—1,1)), where ¢, ,(x)=
|x|* exp(—|x| %), A€ R, a> 0 (this problem has been communicated to the
author by Yu. A. Brudnyi.)

In the recent paper [10] we have obtained constructive descriptions of
some classes of infinitely differentiable functions, including a generalized
Gevrey class, and established the relations

lim sup(E(@q 1, 2, L(—1,1)))" "

n— oo

= lim sup(E(¢pq, 1, B,, L..(R)))” " =0243116.... (1.1)

g — 0

Some upper estimates of E(¢; ,, B,, L,(R)), 1 < p <2, were obtained by
the author and Liflyand [11].

In this paper we determine the exact order of best approximation by
polynomials and entire functions of exponential type of the following
functions

(x)—{XA exp(—Ax %), x>0,
gﬂl,oc,O - O, x<0,
P50 (%)= (sgn )" [x|*exp(—4 |x| %), i=1,2,
(a®> —x*)*exp(—A((a+x) >+ (a—x) ")), x| <a,
(ﬂz,a,3(x)={ ) ( ) |x]
0, |x| > a,

where a >0, AeR, a>0, Re(4)>0.
In particular, we obtain the solution of the Bernstein problem

E(@o2, 2, L (—1,1))~n"exp(—327n?3).

A statement of main results is given in Section 2. Sections 5 and 6
contain the proofs of the upper and lower estimates of best approximation
of ¢, . ;- The proofs are based on new inequalities for best approximation
of a function (Sect. 3) and on the asymptotics for Fourier coefficients and
Fourier transforms of ¢, , ; (Sect. 4). Sections 7 and 8 contain applications
of these results to the construction of fast decreasing polynomials and
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entire functions of exponential type (see Marchenko [ 1, p. 378 ], Nevai and
Totik [12], Saff and Totik [16]).

Notation. Let Z be the set of all integers; N the set of all positive
integers; R the real axis; C the complex plane; #, the set of all algebraic
polynomials with complex coefficients of degree n or less; and 7, the class
of all trigonometric polynomials with complex coefficients of degree n or
less.

Let us consider the class B, of all entire functions g of exponential type
o (i.e., such that for each ¢>0 there exists a constant C, satisfying the
inequality |g(z)| < C,exp((o +¢) |z|) for all zeC).

Let L,(£2), 1 < p < oo, be the Banach space of measurable functions f on
a measurable set 2 = R with finite norm

1/p
<f |f|de> . 1<p<w,
”fHLp(Q): @

ess sup | f1, p= 0.
Q

Let L} 1<p<oo, be the Banach space of 2z-periodic measurable
functions f with finite norm || f| = Al L) and let C(R) be the normed
space of the continuous functions f on R with finite norm || /| ¢(r) = supg | f1.

Let us define for Q<= R, 1 < p< o0,

E(f: B, L,(€)) = inf /= gl 0

where f'is a measurable function on © and B is a linear set of measurable
functions on Q.
Let

J=[ fiyexp(—iynydr,  yeR,

R

Flk) = j” F(t)exp(—iki) di, keZ,

denote the Fourier transform and the Fourier coefficients of f'e L,(R) (or
feLyR)) and Fe L¥, respectively.

Throughout, C will denote possibly different positive constants independent
of k, n, o, N, x, y, f, F.

For fixed numbers >0, AeR, pe[l, ), A=|A4]| e?, |A] >0, |0] <n/2,
we define the following constants
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P k. e R 3 (12)
P 2p(l+a) 1+’ '
=2/1p—p+2 b 2/1—1/2_ (13)
7 2p(l4a) 14w’ '

Dj:Dj(|A|90)

0+ (—1)/*! noc/2>

:(1+oc')(|A|oc)1/“+°"exp<i T a

M,= min Re(D;)
j=12

=(14+a" (4] )1+ cos((1 +a) ~! max(|0 + na/2|, |0 — 7na/2])).

It is easy to see that M, > 0. In particular,

My=(1+a"1)(A4x)/1*+% cos

2(1 +a)
We use the usual o, O notation, and also ~ in the following sense:
F(o) ~ G(o) and F(n) ~ G(n) if there exist constants C,, C, > 0 independent of

o and n such that C, < F(0)/G(o) < C, for all 6 >0 and C, < F(n)/G(n) < C,
for all ne N.

2. STATEMENT OF MAIN RESULTS

Following are our main estimates of best polynomial approximation
Of (pi, o, it

THEOREM 2.1. For any LeR, ae(0,2], pe[1l, 0], Re(4)>0,0<i<2,
neN,

E(@; 00 20 L(— 1 1) ~n="r exp(— M, n*" *%). (2.1)

As an immediate consequence of Theorem 2.1 for « =2, p=o00, A=0,
A=1, i=1, we obtain the solution of the Bernstein problem.

COROLLARY 2.1. ForneN, A=1,

E((Po, 2,1 %9 Lso( - 15 1)) ~n71/3 exp( -3 275/3 n2/3)'
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Remark 2.1. The restriction a<2 is essential in Theorem 2.1. Using
methods of this paper we can obtain the following relation for 1€ R, o >0,
A>0,1<p< o0, 0<i<2,

[o/2]
E(gﬂ).,oc,is %aLp(_lz 1))~nmpexp<_M0na/(l+zx)+ Z asn(alr)/(lJra))’

s=1

where a,, 1 <s<[a/2], are real constants. We note that the problem of
computation of these constants for any a > 2 appears to be very difficult.

A relation like (2.1) holds also for best approximation by entire

functions of exponential type.

THEOREM 2.2. For any AeR, a>0, pe[l, 0], Re(4)>0, 0<i<3,
>0,

E((p/l, o, i Bo‘a Lp(lR)) ~ O-imp eXp( _M() 0-0(/(1 +0t)). (22)

Finally, using the asymptotic behavior of the Fourier transform of ¢, , s,
we obtain constructive proofs of the following results, concerning fast
decreasing entire functions of exponential type and polynomials.

COROLLARY 2.2. (a) For any >0, B>0, 0<f<]1, there exists a
function g, € B, g, %0, such that

18 (»I<Clalyl+ 1) Fexp(=M(a|y))f),  yeR, (2.3)

where C>0 and M >0 are constants independent of o and y.

(b) If there exist C>0, M >0, and g, € B, such that (2.3) holds for
p=1, then g (y)=0.

COROLLARY 2.3. (a) For any B>0, 0<f <1, there exists a sequence
of polynomials P, € 2, such that P,(0)=1 and for all ye[ —1, 1]

[P (IS Cnlyl+1) Fexp(=Mn|yD)f), neN, (24)

where C>0 and M >0 are constants independent of n and y.
(b) Inequality (2.4) is impossible for f=1 and any sequence of
polynomials P, e Z?,, P,(0)=1, neN.

Corollary 2.2(a) has been proved in [ 1, p. 378] and Corollary 2.3 has
been obtained in [12].
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3. ESTIMATES OF BEST APPROXIMATION

In [10] we obtained some estimates of best approximation of ¢, ; ;
using Jackson’s and Bernstein’s theorems for infinitely differentiable functions.
This method makes it possible to find the exponential rate of best
approximations like (1.1). To obtain relations like (2.1), (2.2) we need
more precise inequalities. Here we establish lower and upper estimates of
best approximation of a function f'in the L,-metric, 1 < p < o0, by polyno-
mials and entire functions of exponential type, using Fourier coefficients
and the Fourier transforms of f.

3.1. Some Properties of Best Approximation

We shall need some elementary properties of best approximation of
periodic and nonperiodic functions.

The following lemma is easy to verify from the definition of
E(f. 2, L,(—1,1)).

Lemma 3.1, (a) Forany feL,(—1,1),1<p<o, neN,

E(f, 2, L(~1,1))

7 1/p
2-VP inf <f | f(sin 2) — T(2)|” |cos t| dt> , I<p<oo,

TE}A’Z
inf esssup | f(sin ) — T(2)], p = 0.
Te7, [—nn] (31)
(b) If fis an even function from L,(—1,1), 1< p< oo, then for ne N

E(f. 2, L,(—1,1))

T
2-Vr inf f
Tef[nz]

| f(sin(#/2)) — T(2)|” cos(2/2) dz>l/p, I<p<oo,

inf  esssup |f(sin(#/2)) — T(2)], p= 0.

Tef[nz] [—7n n]

The following result is an immediate consequence of Lemma 3.1.

Lemma 3.2. (a) If feL,(—1,1), 1<p< oo, then for F(t)= f(sint),
te[ —n,n),neN

E(f. 2, L,(—1,1)<27E(F, 7,, L}).

14
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(b) If f is an even function from L,(—1,1), 1<p<oco, then for

F(t)= f(sin(t/2)), te [ —n, ), neN

E(f; ‘%711[;(_1’ 1))<271/1)E(F’ 'T[n/Zja L;;k)
Lemma 3.3. (a) Iff'eL,(—1,1), 1<p<oo, then for neN

E(f. 2, L,(=1, 1) <(Cn) E(f", 7, 1, L,(—1,1)). (32)

(b) Let f, f' be measurable functions on R. If for some a>0,
E(f",B,, L(R))<o0, 1< p< 0, then

E(f. B,, L,(R)) <(C/a) E(f", B,, L,(R)). (33)
Proof. A simple proof of (3.2) is given in [7, p. 220].
Inequality (3.3) follows from the estimate
E(F, B,, L,(R)) <(n/(20)) |F'|| 1w,  F'€L,(R), (3.4)
obtained by Krein (see [ 1, p. 244]). Indeed let g, € B, satisfy the equality
I/ = &l my=E(f"s By, L(R)).

Putting g,,(x)= {3 g,(1) dt, we have g,, €B, and (f—g,,) €L,(R).
Thus using (3.4) for F= f g£,1, We obtain

E(f. B,. L(R)) = E(f~ g,1. B,.. L,(R))
<(7/(20)) E(f", B,. L(R))

Hence (3.3) holds. ||

3.2. Upper Estimates

Let A%a, =a,—2a, ., +ay - for any sequence {a,}_,-

THEOREM 3.1. (a) If F(t)=ae/2+>7_,a.coskt in L%, then for
I<p<2,neN

o) 2/p—1
E(F,z,L;><C<|an+1|+|azn+z| Ly k|A2ak+n|>
k=1

0 1—1/p
><< Y |ak|2> ) (3.5)
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(b) Forany FeL), q=p/(p—1),2<p< o0, neN

. 1/q
E(F,%,L;“)SC( > |F(k)|"> . (3.6)

|kl =n+1

Before giving the proof of the theorem we prove (3.5) for p=1.

Lemma 34. If F(t)=a/2+ Y, aicoskt in L, then for the linear
polynomial operator

O.(F, t)=(ag—as,,,)/24+ ), (a,—as,,» ;) coskt (3.7)
1

k=

the following inequalities hold

<C<|an+l|+|a2n+2|+ 5 k|A2ak+,,|). (38)
k=1

Proof. First note that

F(1)—Q,(F, 1)=A,/2+ Y, A, coski, (39)
k=1
where
> k=n+1,
A= 3.10
‘ {a2n+2ka 0<k<n ( )

To estimate |[F—Q, | L’l" we use the following inequality obtained by
Bausov [2] (see also Telyakovskii [ 18])

r ‘A0/2+ Y A, coskt|dt
0

k=1

n+1
<C<|Ao|+|AnH|+ S Ay ey kA il

k=1

Z kin+1—kl

)

A%A . 3.11
Pl E ) G3a1)
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It follows from (3.10) that

Ao=az, 2 Ap1=a,,1; Ay k =y 14k I<k<n+l
(3.12)

Hence Y4 ' |4, 1 x— A, 1..1/k=0. It remains to estimate the
second sum in the right-hand side of (3.11):

Ckln+1— k| n 1
Tn+l4k —l= Lt =1, +1L,; 3.13
/ZH n+1+k o1l = 121 k%:ﬁ 1+ 1 (3.13)
" k(n+1—k) Lok(n+1—k)
I = - 1 AZA = = AZ
1 k§1 ol | ko1l kg,l P |4%a,, |
< X ki (3.14)
k=1
& k(k—n— ) o]
I, = R —— AZ < k— _1 Az
’ k:%:Jrz n+k+1 |47 k:%:Jrz( n—1) 4%y _,|
= Z k|A2ak+n|' (315)

Combining relations (3.9)—(3.15), we obtain estimate (3.8). |

Proof of Theorem 3.1. First note that for any Fe L% and for the
operator Q,(F, t), given by (3.7), we have

Next, using Holder’s inequality for s=(2—p) !, 1< p <2, we obtain

T

(E(F, 7,, L)'= |F=0,|"di

T 1/s .
R —

=|F= Q0,37 IF=Q, 75> (3.17)

p—1

Now (3.5) follows from (3.8), (3.16), (3.17). Inequality (3.6) is an
immediate consequence of Hausdorff-Young’s theorem [23, p. 101] for
2< p< oo, while (3.6) is evident for p=o0, g=1. |

The following result is an immediate consequence of Theorem 3.1 and
Lemma 3.2.



388 MICHAEL 1. GANZBURG

CorOLLARY 3.1. (a) If felLy,(—1,1) is an even function, then for
I<p<2,neN, N=[n/2]

E(f. 7, L,(=1,1))

o0 2/p—1 s} 1—1/p
<C<|aN+1|+|a2N+z|+zk|A2ak+N|) <Z |ak|2> ,

k=1 k=N+1
(3.18)
where a, =" f(sin(1/2)) cos kt dt, k> N+ 1.
(b) Forany feL,(—1,1),g=p/(p—1),2<p< o0, neN,
. 1/q
B2, L(—1, 1>)<c< y |F(k>|‘f> , (3.19)
|kl =n+1

where F(t) = f(sin t).

The following theorem is an integral analogue of Theorem 3.1.

THEOREM 3.2. (a) Let feL (R) n Ly(R) be an even continuous func-
tion on R and let fe L\(R). If f(y) and (d/dy) f(y) are locally absolutely
continuous functions on [0, o) such that | y |(d?/dy?) f(y)| dy < oo, then
for1<p<2,6>0

2/p—1

5} d "
BB 1) < (1@ + 1o + | £ ot )] )

o 1= 1/p
x([ |f(y>|2dy) . (3.20)

(b) If feL,(R)nC(R) and fe L(R)nL/R), where g=p/(p—
2< p< oo, then for >0

. 1/q
E(f;Bg,LP<R>><c<j If(y)l"dy> . (321)

yl=o
Proof. Part (a) of the theorem has been proved in [11]. To establish
(3.21) we note that fe C(R). Hence the function

) =(1/2m) [ F(y) explixy) dy

—a
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belongs to B, (cf. [23, p. 274]) and the following equality holds for all
xeR

S =(1/2m) | 7(y) explin) dy. (322)

Using the nonperiodic analogue of Hausdorff-Young’s theorem [ 23, p. 254 ]
and (3.22), we obtain for 2< p< 0

E(f, By, L(R) < ./ = &l 1 < C Il 1 ) (3.23)
where h=f—g. For p=o0 (3.23) easily follows from (3.22). Taking
account of the relation A(y)=0 for all ye(—o, o), we obtain (3.21)
from (3.23). |

3.3. Lower Estimates

Let 42f(y)= f(y)—2f(y +u) + f(y +2u) denote the second difference
of f.

THeoREM 3.3. If a function feL,(—1,1), 1<p<oco, satisfies the
condition x *f(x)e L,(—1, 1), then for each integer m=n+ 1

E(f, 2, L,(—1,1))>Cmax sup N"4=2|4% F(m)|,  (324)

Jj=1,2 neN
where ¢ = p/(p—1) and
Fi(y) =F f(sin t) sin 2t cos t (1 +cos t) exp((— 1) ity) dt, j=12.

Proof. Using (3.1) and the weighted Holder inequality, we obtain for
any NeN, m>=n+1,and j=1,2

E(f. 2., L,(—1,1))

- 1/p
—2-Ur inf <j |f(sint)—Tn(t)|P|cost|dt>

T,e7,
2q —1/q
|cos ¢| dl)

>2-1r <f
<sin((N/2) t)
sin(7/2)

—T

sin((N/2) 1)
sin(1/2)

4 2
x_inf j | f(sin 1) — T,()| > |cos 7| dr

Le7,*—n
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>CNY4=2 inf

[ (ssin =100

xexp((—1)7 i(m+ N) 1) <SH;(1(n](V[//§))t)>2 cos tdt
=CN"i2 J;f(sin 1) cos texp((—1)7 i(m+ N) t) <SH;(1(I:(V£))I)>2 dt’

=CNVi~2

r f(sin t) sin =2 £ cos t(1 + cos t)(exp(( — 1) imt)
—2exp((—=1)i(m+N)t)+exp((—1)7i(m+2N) 1)) dt‘
=C N =243 F(m)],

and the theorem follows. ||

Remark 3.1. The inequality

E(F*, 7,,L})>C max sup NV~ |43 F(m)).

j=1,2 NeN

where m>n+1 and

Fr(y) =" F*()sin=2(1/2) exp(( 1)/ ity) dt.
can be obtained similarly.

TueoreM 3.4.  If a function fe L (R), 1< p< oo, satisfies the condition
x7*f(x)e L(R), then for each t>ac>0

E(f, B,, L,(R))> C max sup T~ |43 F,(z)], (3.25)

j=1,2 T>0

where g = p/(p—1) and

Fi(y)=] x~Y(x)exp((=1) ixy) dx.

Proof. Putting h (x)=(Tx) 2sin®> Tx, we remark that g, =g hr
belongs to B, .y NLy(R) for any g,eB,nL,R), 1<p<oo, and
each T>0. Using the Paley-Wiener theorem [23, p. 274] we have
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8,(y)=0for all y, | y| >0 +2T. Then using Holder’s inequality, we obtain
forany T>0 and t1>0>0

E(f. B,, L,(R))

>l 1 fe inf UR (f =8,)(x) expl(—1)i(r +2T) x) hy(x) dx

>CTVi—2 J x 3 (x)(exp((—=1)7 itx) =2 exp((— 1)/ i(t +2T) x)

R

+exp((—1)i(t+4T) x)) dx

>

=Ccr'a—> |A§TE/'(T)|7

giving (3.25). 1

Remark 3.2. Note that different lower estimates for best approximation
in the uniform metric have been obtained by Newman and Rivlin [ 14] and
the author [9].

4. ASYMPTOTICS FOR FOURIER COEFFICIENTS AND
FOURIER TRANSFORMS

Here we establish some asymptotic relations for Fourier coefficients and
Fourier transforms of ¢, , ;, 0 <i<3.

Some asymptotics for ¢, , ; were obtained by Fedorjuk [8, p. 344] and
by the author and Liflyand [11]. These results cannot be directly applied
here since we consider a more general situation (in particular, we consider
a complex A4). Nevertheless, we shall apply the methods of [8, 11] with
some changes.

Throughout this section C, denotes the complex plane cut along the
negative real axis and z* is the branch of this function in C . which takes
positive values for real z>0, 4> 0.

4.1. Some Technical Asymptotics
Let A=|A| e, |A| >0, |0| <r/2. For a fixed y >0 let us put

2= (4] @)1+ =V exp(i(0 4+ (1) 721 +20),

(4.1)
Lyy={zeC,:z=pz;,0<p< M|z}, 0<M<ow, j=1,2.
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LemMA 4.1. If a>0, AeR, Re(4)>0, 0<M <0, j=1,2, y>0, then
for y -

zhexp(—Az 4+ (—1) izy) dz

Ly
= (27/(1 + )" (14| )" exp(i(b, 0 + (= 1)  wm, /2)) p ="
xexp(—D; ™)1+ 0y, (42)

where by, m,, and D; are defined by (1.2), (1.3), and (1.4), respectively.

Proof. We first note that the function §;(z, y)— Az7*+(—=1) izy
satisfies the condition (d/dz) S;(z;, y) = 0; that is, z; is a simple saddle point
of S;(z, y), j=1,2. The restriction S;(z, y) on le is the function in p >0

Si(pz;, y) = (|A] )/ T2 p/IH2G (p),
where

0+ (—1)"" naf2

S 14+«

(p) = —exp <i

)(p“/oc+p>, j=1.2

Next, we see that max, ., Re(S,;(p)) = Re(Z;(1)), that is,

max Re(S;(z, y)) = Re(S;(z;, y)),
ze Mj
and z; is the only extremal point of Re(S;(z, y)) on [,,;, j=1,2.

Applying now the Laplas method [ 5, Chap. 5; 8, Chaps. 2, 4, p. 263 ], we
obtain

L 2t exp(S,(z, y)) dz

Mj

= (|4 o)A+ DT+ = <A+1>/(1+a)exp< (2A+1)(0+(—1)/ n/2>

14+a

M
x| expl(14] 20" S ) dp

=(27Z')1/2 (|A| a)(i+l)/(1+o() yf(/1+1)/(1+1)

2A+1)(O0+ (—1)' n/2)
cop{ e )

x (—uSj(1)) =2 exp(uS;(1))(1+ O(u™"), (43)
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where M| = M(|A| o)~/ VA4 and = (|A| o)/ Ty I+ Thus
(4.2) follows from (4.3). |

Let y/(z) be a function on C, with the following asymptotic expansion
in a neighborhood of the origin

V)= Y a2+ 0z (4.4)

O<ku+s<n
o<k,s

for all ne N, where x>0 is a fixed number.

LemMA 4.2, Let y be a bounded function on l,,;, 0<M <o, j=1,2,
and Y(0) =cy o #0. Then for a >0, A€ R, Re(4)>0, y>0, y— o

ZMY(z)exp(—Az "+ (—1)7 izy) dz

Ly

21 1/2 )
~(£25) AT explith, 0+ (=1)/ 7, 2))
+a

x exp(—D; y* " )¢ o+ O(y ™) + K(»), (4.5)

where

~ {min(a,ﬂ,l), if >0,
* 7 Imina, 1), if u=0,

and K(y) satisfies the inequality
|K(y)| < Cy ="~ 'exp(—Re(D,) y*' **). (4.6)

Proof. Using condition (4.4), we obtain

zMY(z) exp(—Az*+(—=1) izy) dz

IM/

= X e ] T enp(S)(z ) de

O0<ku+s<n Mj

+[ R(2) exp(S,(z p)) dz
/

Mj

=1(y)+K(y), (4.7)
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where n>1+a and |R,(z)|<C|z|"** on I,,, j=1,2. Then (4.5) follows
from (4.7) and (4.2). It remains to estimate K( y). Using the Laplas method
(see [5, Chap. 5; 8, Chap. 2]) we obtain

K(y)<C | 12l exp(Re(S; (= y))) d=
Mj
<Cy7(l+n+l)/(l+fx)£) p"*iexp<—(|A|<x)l/(l+“)
0 _1 Jj+1 2 o
xcos< + (=17 7oy >yzx/(1+0t) <p+p>>
1 +a a
< Cy7(2i+2n+2+o¢)/2(l + o) exp(—Re(Dj) ya/(l+oc)). (48)

Then (4.8) yields (4.6). 1
4.2. Asymptotics for Fourier Coefficients of ¢, , (sint)

Lemma 4.3. For a€(0,2], LeR, Re(4)>0, neN, n— oo, j=1,2, the
following relations hold

L= @ofsing exp((—1) int) dr
= r @ a0 (sing)cosntdt+(—1)7i r @ 1. o(sin 1) sin nt dt
0 0

:f” (sin £)* exp( — A(sin 1) ~* + (— 1)/ int) dt
0

=C(= 1)+ p=m(exp(i(b,0 —m, [2)) exp( — D, n™1 +)
+ (= 1) expli(h, 0+ 7my /2)) exp( —Don™ ' *))(1+ O(n ™)) + K(n),

(4.9)
[ " gy (sin 1) exp((— 1)/ 2ine) d
0
— Cn expli(h, 0+ (— 1) 7m, 2))
x exp( —D‘,-(2n)°‘/(1 ) (1 4+ O(n™)) + K(2n), (4.10)
Jn ® .0 0(sin 1) cos 1(1 + cos t) exp(( — 1)/ int) dt
0
— Cn expli(h, 0+ (— 1) 7m, 2))
x exp(—D;n™"' *)(1 4+ O(n™)) + K(n), (4.11)

where t, = (1 +a) ™" min(«, 2 —a) and K is estimated by (4.5).
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Proof. First we prove (4.9) for |0] <7r/(2a), j=1. Let

F,=msin

w2+ 0 n/Z—H/, 7
cos sin ,
I+a 1+a 1+a

F,=nsin

n24+0 . 7n2—-0/|. =
sin n .
I+a 1+a 14+a

Further, let
hy ={zeC: Re(z)=F,, —F,<Im(z) <0}

be the vertical line segment oriented in a positive (or negative) sense. Let
I’y and I', denote the contours of the triangles with vertices (0, 0), (F,, 0),
(F,, —F,) and (F,,0), (%, 0), (F,, —F,), respectively, oriented in a negative
sense.

Thus

I'=[0,F]Juh_uvy,
I'=[F,rluyvh,,
where y; denotes the hypotenuse of I, i=1, 2.

Then we obtain

jn (sin z)* exp( — A(sin z) ~* — inz)

(e, )01 )
SRR o

71 72
Next, the function

) = Az =a 7)== () T (1= ()

z

is bounded in a neighborhood of the origin on C, for a €(0, 2]. Hence in
the sector (6 —m/2)/a < Arg(z) < (0 + n/2)/a we have

lim (sin z)* exp( — A(sin z) ~* —inz)

z—0

= lim (sin z)* exp( — H(z)) exp( — Az ~* —inz) = 0. (4.13)
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The equality |, =0 follows from (4.13). The relation |, =0 can be
proved similarly. By (4.12) we obtain

j” (sin z)* exp( — A(sin z) " — inz) dz
0

L’l Lz

=J Y(z)exp(—Az*—inz) dz

IM 1

+(-—1)" (z) exp(— Az~ *+inz) dz, (4.14)
o
where M =m/(2 cos(n/(2(1+a)))), lp;, j=1,2, are defined by (4.1) and
¥(z) = (sin z/z)* exp(H(z)) is the bounded function on the /,,, j=1,2.
It is easy to verify that iy has asymptotic expansion (4.4) for u=2—a,
co.0o= —a/3. Then applying Lemma 4.2 and (4.14), we obtain (4.9) for
|0| <m/(2a), j=1. Since I, ,=(—1)"1, , (49) for |0] <n/(2x) follows.
Relations (4.9) for |0| = n/(2a), (4.10), and (4.11) can be proved similarly
with minor changes. ||

4.3. Asymptotics for ¢, , s

LemmaA 4.4. For any >0, 2eR, A>0,a>0, y>0 y— o0,
[, @sns(0) exp(—ity) dr

=[" (@2 exp(~A((z+a) *+(a—z) ") —izy) d

—a

2+2+a

=C (exp <lay— in M) exp(—Dl(A, 0) ya/(1+a))

2.+2+«
4(1 +a)

x(1+0(y ™))+ K(p), (4.15)

+exp<—iay+in >exp(_D2(A’O) yO(/(l+o())>

where 7, =(1+a) ' min(a, 1), and K(y) is estimated by (4.5).

Proof. Let us define the saddle points z, = +a F (o) +®) p= 1/ +®
xexp( Fin/(2(1 +a))) and the line segments

l,,={zeC:0<|zFa| <d, Arg(z Fa)= Fr/(2(1 +a))},
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where 0 >0 is a fixed number which can be chosen small enough. Let /*
denote the horizontal line segment joining /. , and /_,, so that

I} ={zeC:|Re(z)| <a(l —cos(n/(2(1 +a)))) and
Im(z) =0 sin(n/(2(1 +)))}.

Putting I'=[ —a,a]ul,,vl¥ul_, oriented in a negative sense and
denoting

flz)=(a>—=z*)" exp(—A((z+a) "+ (a—z) ") —izy)
we obtain

L f(z)dz= L f(z) dz — L f(z)dz— LH f(z) dz— f]: f(z)dz.  (4.16)
It is easy to verify that on the set
{zeC: —m/(20) < Arg(z +a) <0, —7/(2a) < Arg(a —z) <0}
we have lim. , ., f(z)=0. Hence

f f(z)dz=0. (4.17)

Furthermore,

| rere

a

< C max |f(z)|<Cexp<—sin (5y>. (4.18)
zeZ:

b1
2(14+a)
Then

—j f(z)dz—j f(z)dz:exp(iay)j W(z) 2% exp( — Az~ — izy) dz
I,a I” /(;1

+exp(—iay) J W(z) z%exp(— Az~ * +izy) dz,

(4.19)
where /5, j=1, 2, are defined by (4.1), and
Y(z)=(2a—z)" exp(—A(2a—z)""%)
is an analytic function on /s, U l5,.

Applying now Lemma 4.2 for u=0, ¢y ,=exp(—A4(2a) *)(2a)", we
obtain (4.15) from (4.16)—(4.19). |
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4.4. Asymptotics for ¢; o ;, 0<i<2
First we find the asymptotic behavior of ¢, , ;, 0<i<2, for A< —1 and
then we extend this result for any 1€ R.

Lemma 4.5. For any >0, A< —1, Re(4)>0, j=1,2, y>0, y - o0,
J, @snolt expl(= 1) ity) di
= [ @rartycos di+ (=1 i| @, (1) sin 1y dr
0 0

:Jm zexp(—Az "+ (—1)/ izy) dz
0
=Cexp(i(b,0+(—1) wm,/2)) y =™

xexp(—D; y™" * )1+ O(y "' +)). (4.20)

Proof. Let us define the contour
I'i=[0,R]UTg Ulg, R>0

oriented in a negative sense, where I y; are the arcs

0—n/2
rm:{ze@; s =R = <Arg(z)<0},
1 4+a

0+7/2
rm:{ze@: 2l = R0 < Arg(z) < 7 }

1+«

and /g; are defined by (4.1), j=1, 2.

The function f(z)=:z"exp(—Az *+(—1)7izy) is analytic inside the
curve I and limg , Rmaxzerkj |f(z)] =0.

Hence

j fdz=0,  lim jr fdz=0, (4.21)
Iy R— Ri
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Next, by (4.21)

[P pae=tim (] ra=| ra+|

R

> fdz=£ S (422)

Then (4.20) follows from (4.22) and Lemma 4.1. ||
Since ¢, , o does not belong to L,(R) for A= — 1, formula (4.20) will be
changed.

LEmmA 4.6. For any a>0, A= —1, Re(A)>0, there exists an entire
Junction g, of exponential type 1 such that ||@; . o— &ollL,r) <0, and for

y>1ly—>o00,j=12,

[, (@smalt) = gol0)) exp((—1) ity) di

= Cexp(i(b,0+ (—1)/ nm,/2)) y—™
xexp(—D;(y7" )1+ 0(y*" +)). (4.23)

This asymptotic is an easy consequence of Lemma 4.5 and the following
lemmas obtained in [11].

Lemma 4.7. Let AeR and k=[|A|]1+ 1. Then there exists a function
8o € By such that ||¢; o o— 8ol Lw) <0, and for |y|>1, m>k

[ (@ molt) = go(0)) expl(—ity) dr =iy~ [ (1) exp(—ity) .
: : (4.24)

LemMA 4.8. For any meN, teR,

m

(pir,”o:, O(Z) = Z cj(p),fmfoc/', o, O(t)’

Jj=0

where c;, 0 < j<m, are some constants independent of t.

5. PROOF OF THE UPPER ESTIMATES OF
THEOREMS 2.1 AND 2.2

The upper estimates of best approximation of ¢, ,, are based on
Theorem 3.2, Corollary 3.1, Lemmas 4.3-4.8, and two auxiliary asymptotics
[5, p. 14] given below:
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" 1
j lﬁle”’dt=ﬂ1yﬂle”y<l+ﬁ+0(}’2)>,
y Hny

u>0, peR, y- oo, (5.1)

') 1/q
<f 199 exp( —bgt*/1 +)) dt>

= Cg@+ a( +a) exp( — g +oc))(1 + O(O.—oz/(l +oc)))’

aeR, >0, 1<g<ow, g- . (5.2)

5.1. Approximation by Algebraic Polynomials

Here we prove the upper estimates of Theorem 2.1.
First we assume that 2 < p < o0. Using Corollary 3.1(b), (4.9), and (5.2),
we obtain for 1eR, 0<a<2, 0<i<2, Re(4)>0, q=p/(p—1), neN

[e’s} 1/q
E(w,a,,»,%,L,,(—l,l))<C< R exp(—quk“/‘”“)))

k=n+1

n

o] 1/q
<C <f yexp(—gM,y?' ) dy>
< Cn~" exp(— M pn*/t ), (5.3)

Let now 1< p<2. We first prove the upper estimate of Theorem 2.1

for ¢, , 1.

©,., 1 1s an even function, hence ¢, , ,(sin(#/2)) =>_, a, cos kt, where
the asymptotic for a, is given by Lemma 4.3. Using (4.10), we obtain for
all keN

|Azak| =lay—2a;  +a; 5|

< C max
j=1.2

<Ck7m]72/(l+o() exp(—Mo(Zk)“/‘”“)). (54)

72 .
f g, . o(sin 1) exp((— 1) 2ikt) dt
0

Next, by (5.4) and (5.1),

Y klLayl= Y (k—N) |4,

k=1 k=N+1

< C<J P20+ gy (D)D) Gy
N

[y expl ()71
.

< CN " exp(— M ,(2N)*(1+2) (5.5)
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for all NeN. Let us put N=[n/2], ne N. Then taking account of the
relations

|doy 2| < Clay, | < CN ™" exp(—M,(2N)"' ), (5.6)

© 12 -
( Z |ak|2> <C<JN y=2m exp(—2M9(2y)°‘/“+°‘))dy>

k=N+1

1/2

< CN "™ exp(—M,(2N)/ 1+, (5.7)

we obtain from (3.18), (5.5), (5.6), (5.7)

E((pxl,oc, 1s %’ Lp(_lr 1))

0 2/p—1 Eel 1—1/p
C<|a2N+2|+|aNH|+2k|A2ak+N|> (z |ak|2>

k=1 k=N+1

< CNf((2/p7l)ml+(272/p)m2) exp( _M(_)(zN)a/(lJro())

< Cn~"v exp(— M pn*/ ), (5.8)

To establish the upper estimates of Theorem 2.1 for ¢, ., i=0,2,
1 < p <2, we use the following relations

(P’A, o, 2(1) :/l(pi—l,oc, () *“A(Px—l—a,a, (), (5.9)
P o(1) = (P50, 1(1) + @5 4 o(1))/2. (5.10)

Applying (3.2), (5.8), (5.9), and (5.10), we have for | < p<?2

E(¢).,m,27 ‘%7 Lp(_17 1)) <(C‘/n) E((p//l,cx,27 %5 Lp( _15 1))

<Cn (gp/lflfo(,oc,ls ’Qﬁ Lp(_l’ 1))
< Cn~ " exp(— M n*/ T, (5.11)
E((p),oc,(h %) Lp(_l’ 1)) Cf’l m”exp( M()nat/(1+06)). (512)

Relations (5.3), (5.8), (5.11), and (5.12) yield the upper estimates
n (2.1). |

5.2. Approximation by Entire Functions of Exponential Type

We first prove the upper estimates of Theorem 2.2 for 2 < p < c0.

The functions ¢, , ;, 0<i<2, satisfy the conditions of Theorem 3.2(b)
for A< —1 (see (4.20)). Then, using (3.21), (4.20), (5.2), we obtain for
0<i<2, i< —1a>0,2<p< 0, g=p/(p—
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] 1/q
E(@; i B, LP(R)) <C <J 9 exp( —qMoyzx/(l +a)) dy>

g

< Co " exp(— Mg/ 7)), (5.13)

giving the upper estimates in (2.2) for A< — 1, 2<p< oo, 0<i<2.

To prove the upper estimates of Theorem 2.2 for ¢, ,;, 0<i<2,
Az —1, 2< p< oo, we shall use Lemma 4.6. There exists g, € B, such
that (¢, . 0— 8ol my <. Then g:(1)=(go(?)+(— )" go(—1))/2,
i=1,2, belong to By and [, . ;— &ll1,w) <oo. Hence ¢, , ,— g, satisfy
the conditions of Theorem 3.2(b), 0 <i<2. By (3.21), (4.23), and (5.2), we
obtain foro>1, 0<i<2, 1> —1

E(goi., o, i Brn L])(R)) :E((/); o i gi9 Brn Lp(IR))
< Co " exp( — M o™/ ). (5.14)

Then using (3.21), (4.15), and (5.2), we have for 1e R, 2<p<

o 1/q
E(gﬂiy w3 B, LP(R)) <C (J p exp( *L]Moy“/(l +<x)) dy>

g

< Co " exp(—M,, ¥/ +2), (5.15)

Inequalities (5.13), (5.14), and (5.15) yield the upper estimates in
Theorem 2.2 for 2 < p < o0.

These estimates are also valid for 1< p<2. For a real 4 and the
functions ¢, , ;,, 0<i<2, these facts have been proved in [11]. Here we
use the same approach with minor changes.

We first obtain the upper estimates for ¢, , ;, 1< p<2 Letk=[|4|]+1
and let g, € B, satisfy (4.24). Putting

f(x)_{(pi,zx,l(x)a ;“< _3>
' B Do, 1(x) = (go(x) + go( —x))/2, Az =3,

we have fora>1, 1 <p<?2
E((pﬂ,,m,]7Ba'9 L]J(R)):E(f; Ba” Lp([R)) (516)

Next, we prove the estimate
d
dy'f<y>’<0y"ﬁ”“+“> exp(— M, 1) (5.17)

for leR, 0</<2, y>1.
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If A< —3, then, by Lemma 4.5,

d d'
0 = [0 € €10 )
< Cy VTN exp(— M,y ), (5.18)

If A= — 3, then, by Lemmas 4.7, 4.8, and 4.5,

d ., d’
—f(y (@5 00— &) Y)
dy' dy
d/
<l (v [ ol exp( - d

= C(1+0(1) y~**3 | [ ¥, ofx) exp( —ixy) dx
R

=C(1+o0(1)) y~**3 [P 1= ket 311 40,0 0( V)

=C(1+o(1)) y=m= "+ exp(—M,y”"' 7)), y— o0,
(5.19)

Inequalities (5.18) and (5.19) imply (5.17) for 2e R, 0</<2, y> 1.
It follows from (5.17) and (5.1) that for o > 1

dz

fow ‘jf 0+y)‘dy=f(y—0) 0

f'(y)‘ dy

< C<joc =2 ey M,y DY Gy

a

_O-jao y,m172/(1+<x) exp(_M()yoc/(l+oc)) dy>

< Co~™exp(—M g%/ +), (5.20)

Thus f satisfies the conditions of Theorem 3.2(a), and taking account of
the estimates

|/(20)] < C |f(0)| < Co =" exp(— M ya*/' %)), (5.21)

1/2
Q 2 dy> < Co™" exp(— M,y ), (5.22)
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we obtain from (3.20), (5.16), (5.20), (5.21), and (5.22)
E((ﬂi, a, 19 Ba’ Lp(R))

) R . a2 . 2/p—1 o L—1/p
<c(ifon+1izi+ [ y[Gsieena) " ([T 1anrs)
0 dy o
< Co " exp(—M,yo¥/ +), I<p<2 (5.23)
The corresponding estimates for ¢, , ,, i=0,2, 1< p<2, follow from
(3.3), (5.9), (5.10), and (5.23).
The upper estimate for E(¢, , 3, B,, L,(R)), 1 <p <2, can be obtained

similarly if we use Theorem 3.2(a) and Lemma 4.4.
The upper estimates of Theorem 2.2 are established. ||

6. PROOFS OF THE LOWER ESTIMATES OF
THEOREMS 2.1 AND 2.2

The lower estimates of best approximation of ¢, ,; are based on
Theorems 3.3, 3.4, Lemmas 4.3—4.6, and some auxiliary results given below.

6.1. Some technical Results
LemmaA 6.1. Let a and b be fixed real numbers, b#0, and let (o) =
cos(a + ba® '+, Then for any o = |a/b|"" **/* there exists ©> o such that

|[Y(7)| =1 and

7—0 < Col/tt+), (6.1)

Proof. We may assume without loss of generality that b > 0. Putting
k=[(a+bs*"**)/x]+1, = ((kn—a)/b)* +*, (6.2)
we have 7 >¢ and |y(7)| = 1. Furthermore,

T—o<((ba® 1+t 4 ) /p) 1 T _ g

<((1+a) /(b)) ) 4 /) V* < Cg 1+

giving (6.1). 1
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LeEMMA 6.2. Let (o) be as in Lemma 6.1. Then for any ¢ > |a/b|! =/
there exists meN such that |Yy(m)|=14+0(l), 6> 0, and O<m—a
< Co_]/(] +zx)'

Proof. Let 7 be defined by (6.2). Putting m=[7]+1 we have m>ag
and

[Y(m)] = Jeos(b(m™ ) — g £ D)) =1 + 01+,

The inequality m — o < Ca/! ** follows from (6.2). |

LeMMA 6.3. Let a, b, and c be fixed real numbers, ¢ # 0, and let (o) =
cos(a + ba*™ '+ 4 cg). Then for any > 0c,=((|a| + |b| + |c|)/|c|)' ** there
exists > a such that |Y(7)|=1 and 1—a < C.

Proof. We may assume without loss of generality that ¢ >0. Then the
function /(o) =a+bo*'** 4+ cc is monotone and positive for o> a,.
Putting k=[h(o)/x] + 1 we define 7 as the root of the equation A(t) =kx.
Thus we have 7 >a, |Y(7)|=1, and

n=h(t)—h(o)=C(t—a)—|b] (z¥/1 %) — g1 +2)

>(r—a)<C—|b|a>~ (6.3)

(1+a)g/t+®

The inequality 7 — o < ¢ follows from (6.3). ||

LEMMA 6.4. Let us put for fixed numbers ge[1, o], BeR, D>0,

I, 5 p=sup Tl/inMZTFB,D(J’)L y>0,

Y.
T7>0
where A7F(y)=F(y)—2F(y+T)+ F(y+2T) and

Fy p(y)=yPexp(—Dy " * ) (y) + o(y”? exp(— Dy **))),  y— 0.
(6.4)

Here (y) is one of the functions exp(i(a+ by*/' ), cos(a + by*/ +%),
cos(a+ by % 4 ¢cy), where a,b#0, ¢#0 are fixed real numbers. Then
there exists a,>0 such that for any ¢ >a, there exists T >0 satisfying the
inequality

I, 5 p> CgP+ 120040 +2) exp(_ P/ +2)). (6.5)
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Proof. Putting T,= C,y"'*% for a fixed y >0, we have
L,sp=> Tye2 |AZTOFB,D(J’)|
> Cy! 20Dy B exp(— Dy™ ) [y (p)
—2(y+To)? exp(—D(y+ To)™ (' +%))
—(y+2T,)% exp(—D(y +2T,)"" **))
+o(yfexp(—Dy '), y— oo

Next, using the following inequalities

(¥ + Gy < pP(1 +o(1)), y— 0,
Coa
(y+Coyl/(lJrot))ot/(l+o¢)>y<x/(l+oc)+17—T_O(+0(1)’ y— o0,

we obtain from (6.6)

Iy, B.D > Cy(l —2q)/q(1 +a)+ B exp( _Dyac/(l +<x))

x<|v/(y>| _2exp <—DC0&+0(1)>

—exp < —2DC01L+O(

Now let Cy and g, be numbers satisfying the inequality (y — o0)

o
1—(2 —-DC,—— 1
< exp< 01+oc+0( )>

+0(1)>(1+0(1))+0(1)>, y— 0.

(6.7)

—I—exp<—2DC0&4—0(1)))(1+0(1))+0(1)>1/2 (6.8)

for all y>a,. If Yy(y)=exp(i(a+ by **)), then (6.5) follows from (6.7)
and (6.8) for t=0+ 1. If Y(y) =cos(a + by*' **), b #0, then Lemma 6.1,
(6.7), and (6.8) yield (6.5). If W(y)=cos(a+by*” ' +* +cy), ¢#0, then

(6.5) follows from Lemma 6.3, (6.7), and (6.8). |

LeEmMMmA 6.5. Let us put

Jy. B, p=SUp NVa—2 |A§VFB,D(H)|3

NeN
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where Fy p(y) is defined by (64) and W(y) is one of the functions
exp(i(a+ by™ 1 +)), cos(a+by* 1 +9). Then there exists n, e N such that
for any n>ny there exists m=n+ 1 satisfying the inequalities

Jm B D / CnB+ 1—2g)/q(1 + o) CXp( Dnoc/(l +oc)).

The proof is similar to the proof of Lemma 6.4, if we apply Lemma 6.2
instead of Lemma 6.1.

6.2. Proofs of the Lower Estimates
It follows from (4.20) that

Fu)=] 17 (0epl(= 1 ity d, j=1.2 0<s<2,

coincides with CFy () given by (6.4), where
B=—m +2/(1+a), D= Re(D)) (6.9)

and Y(y)=exp(i(a+ by’ *¥)) or Y(y)=cos(a+ by **). Here a and
b #0 are fixed real numbers independent of y. Next, using Theorem 3.4 and
Lemma 6.4, we obtain for AeR, a>0, g=p/(p—1), 1 <p< oo, 0<s<2,
T>0>0,

E((P,L s> Bo LP(R)) =C max I, —my +2/(1 +a), Re(D))

Jj=12

> C max g "1+ @1+ exp(— Re(D;) g™/ +%)
j=12

=Co ™" CXp( _Mﬁo.oc/(l +o()). (610)

Then Lemma 4.4 shows that F; ;(y) = CF ,(y) where B, D are defined

by (6.9) and y(y) =cos(a+ by ¥ + ¢y), ¢ #0. Using Theorem 3.4 and
Lemma 6.4 we obtain (6.10) for s =3 as well.
Furthermore, (4.11) implies the relations for j=1,2, neN

Jn ® . 5(sin 2) sin = ¢ cos #(1 4 cos t) exp(( — 1)7 int) dt

—T

r @ s(sint)cos (1 +cost)exp((—1)/ int) dt, s=0,
0

r @2 s(sint)cos (1 +cos t)(exp((—1)’ int))
0

+ (=1 exp((=1)/" " int) dt, s=1,2,
_ {CjFB, Re(D]-)(n)a =0
CjFB, M(,(”l), s=1,2,
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where B=—m;+2/(1+a), Y(y)=exp(ila+by =) or Y(y)=
cos(a+by”' **) and C; #0, j=1, 2 are constants independent of y. Using

Theorem 3.3 and Lemma 6.5, we obtain that there exists me N, m>n+ 1,
such that

E(§”A, s> Lo Lp( -1,1))= ij, —my+2/(1 +a), M(,> Cn ™" exp( _Mena/(] +“))
(6.11)

for 0<s<2, 0<a<2, 1eR, 1<p<oo.
The lower estimates of Theorem 2.1 and 2.2 follow from (6.10), (6.11). ||
7. PROOF OF COROLLARY 2.2
Putting a=1, a= /(1 —p), 1=2B+—2)/2(1 - p),
1
80 =] gt explioty)di.  yeR, (7.1)

we have g,eB,. If a|y|>1, then (2.3) follows from Lemma 44. If
0<o|y| <1, then for any M >0

1
& <] gsnandr

1
<25 [ g, (0 dila ||+ 1) expl(— M(a [ 31)")

Hence (2.3).
Let now ge B, satisfy (2.3) for f=1, C>0, M >0. Then ge L,(R) and
by the Paley—Wiener theorem, g(y)=0 for |y| > o. Next, for any >0

E(g, B, L (R))<sup

yeR

e -[ snemal<] jenasce
=7

—T

Hence, by Bernstein’s converse theorem [19, p. 370] £ is an analytic
function on R. This implies g(y) =0 for all y € R. Corollary 2.2(b) follows.
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8. PROOFS OF COROLLARY 2.3

Let us put = C,g,, where g_ is defined by (7.1) and C,=(g,(0)) .
To prove Corollary 2.3(a) we need the following result obtained by
Bernstein [ 19, p. 283]: for any ye(0, 1), >0,

EWo. % Lo = mlo njo)) = max 1 o(my/o) = Qulyny/o)l < Ce™,
) (8.1)

where Q, is the polynomial of best approximation of ¥, in the metric
L. (—yn/a, ynjo) and C, H are positive constants depending only on y.

It follows from (8.1) that Q,(0)=140(1), n— co. Hence there exists
no, € N such that Q,(0) >0, n>n,. Putting P,(y)=Q,(yny/a)/0,(0), n>n,,
we obtain from (8.1) and (2.3)

[P, (DI <Y o(yny/a)l + [ (yny/o) — Q,(yny/a))(1 + o(1))
<C(n |yl +1)"Fexp(—M(n |y)’) + Cexp( —Hn)

SCnlyl+ 1) FPexp(=Mn |y,  IyI<L, (82)

Since (2.4) is valid for arbitrary polynomials P,e%,, 1<n<n,,
Corollary 2.3(a) follows from (8.2).

To prove Corollary 2.3(b) we assume that there exists a sequence of
polynomials {P,} 7 ,, P,(0)=1, neN, satisfying (2.4) for f=1. Setting
0,(y)=P,(yn)=1+3"_, a,y" we have from (2.4) for =1

10 (| <Ce MM C,  ye[—n,n].

By V. V. Markov’s inequality [ 19, p. 227], |a,| < C/k!, 1 <k <n. Hence
there exists a subsequence { ) s—1 such that Q, converges uniformly
on each finite part of R to a certain function g, e B, as s— oo (see
[19, p. 50]). Next, g,(0)=1 and |g,(y)| < Cexp(—M |y|) for any yeR.

Now Corollary 2.3(b) follows from Corollary 2.2(b). |
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